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Blended AUSM+ Method for All Speeds
and All Grid Aspect Ratios

Jan Vierendeels,* Bart Merci,” and Erik Dick?
Ghent University, B-9000 Ghent, Belgium

An AUSM-based discretization method, using an explicit third-order discretization for the convective part
and a line-implicit central discretization for the acoustic part and for the diffusive part, has been developed for
incompressible and low-speed compressible Navier-Stokes equations. The lines are chosen in the direction of the
gridpoints with shortest connection. The semi-implicitline method is used in multistage form because of the explicit
third-order discretization of the convective part. Multigrid is used as acceleration technique. Because of the implicit
treatment of the acoustic and the diffusive terms, the stiffness otherwise caused by high aspect ratio cells is removed.
Low-Mach-number stiffness is treated by a preconditioning technique. To ensure physical correct behavior of the
discretization for vanishing Mach number, extreme care has been taken. For vanishing Mach number, stabilization
terms are added to the mass flux. Pressure and temperature stabilization terms are necessary. The coefficients of
these terms are chosen so that correct scaling with Mach number is obtained. A blend of the low-speed algorithm
with the original AUSM algorithm developed for high-speed applications has been constructed so that the resulting

algorithm can be used at all speeds.

Introduction

RECONDITIONING of the incompressible!? and compress-

ible Navier-Stokes equations for low-Mach-numberflows' ~* is
frequently used to accelerate convergence. However, this technique
does not always provide good results on high-aspect-ratiogrids be-
cause of the stiffness introduced by the numerically anisotropic be-
havior of the diffusive and acoustic terms.

In our work, the stiffness due to the grid aspect ratio is removed
by the use of a line method. The low-Mach-number stiffness is
avoided by an appropriatediscretizationand a local preconditioning
technique. Multigrid is used as convergence accelerator. The dis-
cretization is based on AUSM as developed by Liou and Steffen’
and furtherextended to low-Mach-numberapplicationsby Edwards
and Liou.® The preconditioning technique of Weiss and Smith! is
employed.

The purpose of the work is to construct a scheme that reaches
high quality and high efficiency independent of Mach number and
grid aspect ratio. The focus of the present work is to demonstrate
thatan algorithm developed for incompressibleand low-speed com-
pressible flows can be combined with an algorithm developed for
high-speed compressible flows. Results for a range of Mach num-
bers and for varying grid aspect ratios are given, demonstrating
insensitivity of the computational efficiency to these parameters.

Incompressible Flow
Governing Equations
The two-dimensional steady Navier-Stokes equations in conser-
vative form for an incompressible fluid are
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where F, and G, are the convectivefluxes, F, and G, are the acoustic

fluxes, and F, and G, are the viscous fluxes:
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where u and v are the Cartesian components of velocity, p’ is the
kinematic pressure (p' = p/p), p is the pressure, p is the density,
and v is the kinematic viscosity.

Discretization

We consider an orthogonal grid. The convective part of the equa-
tions is discretized with the third-order Van Leer-k method.” The
acoustic and viscous parts are discretized centrally. Because of the
central discretization of the acoustic part, pressure stabilization is
necessary.

The artificial dissipation term for the pressure, added to the
viscous terms, is given by
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where g, and B, have the dimension of velocity. We have taken

B = w, +2v/Ax, By =w, +2v/Ay (1)
where w, is a local or a global velocity and 6 = % Full details on

the discretizationare given in Ref. 8.
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Time-Marching Method
Applying the pseudocompressibility method to the Navier-

Stokes equations gives
0 oF. OF,
r22 3% 3%
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y

where @ is the vector of variables [p’, u, v]7. The preconditioning
matrix I" is given by

1/ 0 0
r=( 0 10 )
0 0 1

where B has the dimension of velocity. The eigenvalues of the
inviscid part of the preconditioned system are given by

A|:F_1 o, F +n,G)

70 i| w,w+c,w—c 3)
where w =n.u +nyv, c= J(w?+ %), and n, and n, are an arbi-
trary direction with n? + nf = 1.If B is of the same order of magni-
tude as the convective speed, all eigenvalues are properly scaled at
least in one direction.

This artificial-compressibility method is used as smoother for
the multigrid. The artificial-compressibility method belongs to the
family of local preconditioning techniques. Local preconditioning
is known to work well on isotropic grids,? but not always on non-
isotropic grids, with high aspect ratios. A semi-implicit discretiza-
tion is needed to have a robust method suitable for high-aspect-ratio
meshes.?

Stepping in Pseudotime
A multistage stepping is used with four stages:
Q():Qn, Q1 =Q0+Ol1 CFLAQO

Q2 :Q0+012CFL AQI» Q3 :Q() +(¥3CFLAQ2

=0 @
I 1

with {o;, @y, @3, 04} equal to {%, 3.5, 1} and the Courant-
Friedrichs-Lewy (CFL) number equal to 1.8. We denote this CFL
number as the global CFL number of the method. The AQ of each
stage is computed with the semi-implicit line method, shown in
Eq. (8).

The multistage semi-implicit method is accelerated with the
multigrid technique. A full approximation scheme is used in a W
cycle with four or five levels of grids. The computationis started on
the finest grid to show the full performance of the multigrid method.
For therestriction operator, full weightingis used. The prolongation
is done with bilinear interpolation. Two pre- and postrelaxationsare
done. The use of five levels of grids resultsin a cost of 32.375 work
units for each multigrid cycle, when one work unit consists of a
residual evaluation and an update, or a residual evaluation together
with a restriction and a prolongation.

Q4 = Q() + Oy CFL AQ3,

Determination of the Pseudotime Step
Consider a uniform Cartesian mesh with constant Ax and Ay.
The time step At on this mesh is computed as

At =1/[(lul +c)/Ax + (lvl + ¢,)/Ay] (5)
with
¢, =+ W?+ B?), ¢y =+ @2+ B?) (6)

Assume that the flow is inviscid and aligned to the x direction, that
is, v =0.If B is chosen in the order of u, then all three eigenvalues
(3) have the same order of magnitudein the x directionand all waves
are convected into this direction with comparable speed. The ideal
situation is reached for a CFL number in the order of unity.

If the allowable CFL number becomes smaller, the convergence
breaks down. This happens for large grid aspect ratios. We define
the grid aspectratio g, for the Cartesian grid as

Bar = Ax/Ay

If g, is very large, then the allowabletime step At isequalto Ay/c,,
and the maximum allowable CFL number in the x direction is

CFL, = (lu| + c) At _ |u) +CXL ~ L
Ax Cy 8ar 8ar

If the acoustic fluxes in the y directionare discretized implicitly, the
system stays stable if the time step definition is changed into

At =1/[(lul + ¢,)/Ax + wi|v]/Ay] (M

where w is a scaling factor® set equal to 2. This corresponds with
¢, =|v|.If theflowis alignedto the x direction,then CFL, is equalto
unity.Ifthe viscousterms are becomingimportant, the von Neumann
number determines the maximum allowable time step

At = Ay*/2v

and CFL, becomes small.

If the viscous terms are also treated with a line-implicit method
in the y direction, then this von Neumann restriction on the time
step disappears, and the CFL, numberis again in the order of unity.
It is obvious that the acoustic and viscous terms need an implicit
treatmentin the direction of the smallest grid distances. These parts
consist of linear terms. The convective part is nonlinear, and if an
explicit treatment is used for this part, no Jacobians have to be re-
computed every time step to update the set of equations. An implicit
treatment of the convective part on high-aspect-ratiogrids is not re-
ally necessary because the ratio (#/Ax)/(v/Ay) can have the same
valueson an anisotropicgrid as on an isotropic grid with more align-
ment of the flow, where it is known that explicit methods work well,
for example, the bump test case. Therefore, our strategy is a combi-
nation of an explicit local preconditioning method and an implicit
line method for the acoustic and viscous terms in the direction of
the smallest grid distances.

This semi-implicit line method for a grid with small cell dimen-
sions in the y directionis given by

FBQ 4 aF" 4 aF:" 4 aG” 4 G +!
at 0x 0x ay ay
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where the matrices A,, B,, A, and B, correspond to the viscous
and dissipative parts and where

B=+vur+v2+2v/Ax 9)

In Eq. (9) there is no viscous contribution from the y direction,
and in Eq. (7) there is no acoustic contribution from the y direction
because these terms are treated implicitly in this direction.

Low-Speed Compressible Flow

The described method can easily be extended to viscous low-
Mach-number flow. The pseudocompressibility method causes the
convective and pseudoacousticwave speeds to be in the same order
of magnitude. Therefore, for compressible flow, any preconditioner
can be used that also scales the convective and the acoustic speeds.
We choose the preconditioner of Weiss and Smith':

(€] 0 0 or
(€] 0

r= “or prt (10)
Ov 0 p pTV

®H -1 pu pv prH+pC,
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where ® =1/82 — pr /pC,,. This preconditioneris used to update
the so-called viscous variables: Q, =[p u v T]”, where T is the
temperature and superscript 7T the transposed vector. Here pr is the
derivative of p with respectto T'.

Again a semi-implicit line method is used in the direction of the
smallest grid distances.

Discretization
As forincompressibleflows, the convectivepart of the momentum
equation is discretized with velocity upwinding:

=u, 1[0 pu pv Ol
Ge ., =v,.1l0 pu pv 017z

The pressureterm in the momentumequationsand the velocity terms
in the continuity and energy equationsare treated in the same way as
the pseudoacousticpart for incompressible flow and are discretized
centrally.

A stabilizationterm is added to the mass flux. In the x direction,
the mass flux is modified by

%[(pi-%—l = pi)/Bs + lulpr(Tivy — T))]

where S, is given by Eq. (1). A similar modification is used in the
y direction. In the y direction, this term is treated implicitly along
a line.

The discretizationin pseudotime is done with the preconditioner
(10). The acoustic flux is treated implicitly in the direction of the
shortest grid distances. Because this flux is nonlinear in the com-
pressible case, a linearization is needed. The acoustic flux on time
level n + 1 is written as

pnvn+l
Gn+1 _ 0
a1 n+ 1
) p
n pynan+1
p"H"v .

itz

Finally, the normal viscous fluxes are treated implicitly. The
tangential viscous fluxes are treated explicitly.

Viscous Low-Speed Flow

Backward-Facing Step Flow

The method is tested on a backward-facing step problem. The
height of the step is chosen as one-third of the channel height. We
consider two grids. The first grid has 81 x 49 nodes, and the second
grid has 81 x 193 nodes. Both grids have the same distribution of
points in the x direction. In the y direction, the second grid has four
times more cells than the first one. The highest aspect ratio on the
first grid is about 35 and on the second grid 140. The CFL number
issetto 1.8.

Figure 1 shows the streamline pattern obtained on the first grid for
a Reynolds number Re;, = (U h) /v =150, where A is the height
of the step and U,,,, is the maximum value of the velocity at the inlet
section. Figure 2 shows the convergence history for the multigrid
(MG) line method on the two grids with different grid aspect ratios
and for different inflow Mach numbers. It is clear that neither the
grid aspect ratio nor the Mach number has any influence on the
performance of the method.
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Fig. 1 Streamline pattern for the backward-facing step problem,
obtained at the finest grid.

Table 1 Nusselt numbers on the hot and cold wall and their mean
value compared and extrapolated with Richardson’s method
(h =1/1024) for Ra = 10° for different grid sizes

N Nuy Nu, Nt mean Yoerror

256 8.686670690 8.685418776  8.686044733 0.00623

512 8.686602534  8.686279239  8.686440887 0.00167

512 8.687212911 8.687192546  8.686202729 0.00710
(AR =1000)

1024 8.686588147 8.686505978  8.686547062 0.00045

Richardson 8.686584298 8.686587101  8.686585939 ——
extrapolation

o —2.244094219 —1.924085864 —1.899606003 ——

C 6.76085E-13 —1.30940E-10 —7.43535E-11 ——

1 : MG Line Method on 81x49 grid, Mach 0.1

: MG Line Method on 81x193 grid, Mach 0.1

: MG Line Method on 81x49 grid, Mach 0.00001

: MG Line Method on 81x193 grid, Mach 0.00001
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Fig.2 Convergence results for the compressible backward-facing step
problem, comparison of the MG line method on two different grids for
different Mach numbers.

Flow in Thermally Driven Cavity

This test problem considers a buoyancy-driven flow in a square
cavity.*? The configuration consists of two vertical walls at tem-
perature 7, and 7, and two adiabatic horizontal walls. It is
known that this problem exhibits complex flow features depend-
ing on the Rayleigh number [Ra = p*gB (T}, — T.)L*C,, / uk], the
aspect ratio of the cavity, and a temperature difference parameter
[e=(T, —T,)/(T, + T.)]. Here B is the thermal expansion coeffi-
cient, g is the magnitude of the gravitationalfield, L is the length of
the cavity walls, and  and k are the dynamic viscosity and thermal
conductivity, respectively.

For the present study, three Rayleigh numbers, Ra = 10°, 10°,
and 10°, are considered with a temperature difference parameter
& =0.6. Inthecornersthe grid aspectratiois one. From there the grid
is stretched toward the center. Grid sizes of 256 x 256, 512 x 512
and 1024 x 1024 are used. The maximum aspectratio is 80 in both
directions for all grids. For the 256 x 256 grid, the stretching factor
is adapted so that also a grid is obtained with maximum aspect
ratio of 1000 in both directions. The transport properties (1 and k)
are evaluated by using Sutherland’s law (see Ref. 9). The Prandtl
number based on reference transport properties is 0.71. A local
reference velocity w, for the pressure dissipation term is used for
all cases. Figure 3 shows temperature isolines and streamlines for
Ra=10%10°, and 10°.

For the Ra =10° case, a grid refinement study is performed.
The results are summarized in Table 1. The extrapolated values are
computed with Richardson’s extrapolation method:

fextrapnl = fh - Ch*

where

(fn = Ju2) [ (Fnp2 = Fuya)
bn (2)

C= Jn — fh/2
he (1 —2-%)

o =t



VIERENDEELS, MERCI, AND DICK 2281

—
=

Ra=10° Ra=10° Ra=10°

Fig. 3 Temperature isolines and streamlines for a viscous flow in a
thermally driven cavity for Ra =103, 105, and 10°.
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Fig. 4 Convergence results for the thermally driven cavity flow prob-
lem with Ra =103, 10°, and 10° for different grid sizes with different
grid aspect ratios.

where & is given by 1/N, where N is the number of grid cells in
one direction. We used the method with # = 1/1024. The computed
o values show that quadratic grid convergence is obtained. The
Nusselt values are in agreement with values given by Chenoweth
and Paolucci’ The calculation on the grid with maximum aspect
ratio of 1000 gives a less accurate result because the grid is too
coarse in the center of the cavity.

The convergence behavior is shown in Fig. 4, showing that the
convergencerate does not depend on the Rayleigh number or on the
grid aspect ratio.

Blending to the AUSM+ Scheme

The AUSM+ scheme® has been used as discretizationscheme for
high-speed flows. In this method the inviscid interface flux F; |,

in the x direction is split into a convective contribution F, , , , and
a pressure contribution F, , | ,:
1 0
u Pi +4
Fc:(pu)i+% v P Fp: 02 (11)
H 0
L/R

where state L is chosen if (pu); ;1> is nonnegative and state R is
chosenif (pu); ;,, is negative.

To operatethe scheme at all Mach numbers, a blending of the low-
speed flux FS and high-speed flux FAUSM* definitions is needed:

F:(l—(){)FAUSM+ +O{FLS
with
0, MH%’ > My,
a=31- ’Mi+%’/Mbl

+ (1/2m) sin (27r’Ml.+%’/Mbl), otherwise

My, ischosenas 0.5. With this blending function, the first and second
derivatives of F' are continuous in the whole Mach number range.
We remark that the low Mach number limit of the convective part
of the AUSM+ scheme is given by

F ,=ui+%[p pu pv PH]Z/R

i+x

Ge,oy =vpugle pu pv PHI
This is almost the same discretizationas we used for the low-Mach-
number scheme. Therefore, to avoid too much computational effort,
we changed the low-Mach-numberdiscretizationfor the convective
partand the velocity terms in the acoustic part so that it corresponds
with the AUSM+ convective part. Because of the upwinding of
the enthalpy, only a pressure stabilization is necessary now in the
mass flux, so that the temperature part could be left out. A similar
pressure-velocity coupling is also introduced in Ref. 6.
The resulting flux is given by Eq. (11) with

(pw); 4 4 = ()M = (@/2B) (P — 1)
2
Pivy = =a)p U7 +al(pi + pis1)/2]
The preconditioneris only affected by a change of B:
B=—-a)c+ap” (12)

where c is the speed of sound. For @ = 0, 8 becomesequalto ¢, which
corresponds with no preconditioning. The time step is computed
according to Eq. (5) with

cy=(1—a)c;+a|v| (13)

where ¢/ is given by Eq. (6). Only the part of the low-speed flux
is treated implicitly along lines in the direction of the shortest grid
distance in the same way as it is done for low-speed compressible
flow.

Inviscid Flow Past a Bump

Calculationsare done for flow in a channel with a bump perturba-
tion in the bottom wall and for inlet Mach numbers 0.001, 0.1, 0.85,
and 2. This means for flows ranging from low-Mach-number sub-
sonic to transonic and supersonic flows. Because for the transonic
and the supersonic flows shocks occur, the second-order formula-
tion for the convective terms has to be changed to a total variation
diminishing formulation. The minmod limiter is used. For such a
nonlinear scheme, the multistage stepping has to be adjusted. A
five-step multistage stepping algorithm is used with coefficients 1,
0.576, 0.307, 0.16, 0.066, and CFL equal to 1.55 (Ref. 10). In the
MG formulation,implicitresidual weighting of the residualsis done
before restrictionfrom a finer to a coarser grid, and on coarse grids,
first-order discretizationis used for the convective terms.!? The fine
grid has in all cases 48 x 16 cells. Three levels of grids are used
with one presmoothing and one postsmoothing. Figure 5 shows the
obtained Mach number contours. For the two low-Mach-number
flows, flow patterns are identical.

Convergence histories are shown in Fig. 6. The low subsonic
flow regimes show a flow-independent convergence rate. The
M., =0.001 calculation levels out due to roundoff errors after a
residual reduction of seven orders of magnitude. The transonic
flow calculation has the slowest convergence. The supersonic cases
shows fast convergence behavior as expected. As is well known,
the lower convergencerate for the transonic flow case is due to the
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Fig. 5 Mach number contours for the second-order scheme: a)
o =0.001,b) Mo, =0.1,¢) M =0.85,and d) M, =2.
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Fig. 6 Convergence histories for the second-order scheme, where a
isMs =0.001,bis M, =0.1,cis M, =0.85,and d is M, =2; prime
denotes computationson a grid with four time more cells in the direction
normal to the bump.

stiffness of the combined convective-acousticterms in the longitu-
dinal direction, because the flow velocity becomes equal to sound
velocity on the sonic line. To improve the convergence speed, an
implicit time stepping has to be used. We did not implement an im-
plicit time stepping here. The test cases shown in Fig. 5 are meant
to demonstrate that the blending with the AUSM+ scheme works
well and that the convergencespeed for the low-Mach-numberflows
remains independent of Mach number after the adjustment neces-
sary for blending. Furthermore, we want to demonstrate that the
convergence speed is not dependent on grid aspect ratio. With re-
spect to this feature, note that, for all flows shown in Fig. 5, in the
transversaldirection the low-speed fluxes are used and that the time
stepping is implicit on vertical lines for the acoustic terms and for
the dissipation terms.

The influence of a change in grid aspect ratio (four times) is
shown in Fig. 6. The convergence histories denoted with the prime

have almost the same behavior as those for the grid with smaller
grid aspectratio. We think that the small differences in convergence
behavior are due to the change of angle between velocity and grid
lines in the computational space. For the low-Mach-number flows,
there is better convergence for the grid with the higher aspect ratio.
This would not have been the case withoutthe use of a line smoother.

Conclusions

A method of discretization of the incompressible and low-Mach-
number compressible Navier-Stokes equations is presented. The
local preconditioning method is combined with a line solver to re-
move the stiffness coming from high grid aspect ratios. This line
solveris used in a multistage stepping scheme and accelerated with
the MG method. Different test cases show that the accuracy of the
discretizationmethod is very good. The convergenceof the solution
method is very fast for both incompressible and low-Mach-number
compressible flows, independentof the grid aspect ratio.

The method is extended toward high-Mach-number flows with a
blending to the AUSM+ scheme. The solution and the convergence
behavior are now dependent on the Mach number. The transonic
case showed the slowest convergence rate. No negative influence
of grid aspect ratio could be observed thanks to the use of the line
method.
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